Abstract Vincent Lafforgue's bivariant K-theory for Banach algebras is invariant in the second variable under a rather general notion of Morita equivalence. In particular, the ordinary topological K-theory for Banach algebras is invariant under Morita equivalences.
Introduction
In an unpublished note by Vincent Lafforgue, the following notion was introduced. A Morita equivalence between Banach algebras A and B is a pair E = (E < , E > ), where E < and E > are Banach spaces, such that the direct sum A ⊕ B ⊕ E < ⊕ E > forms a Banach algebra with a multiplication which operates as the multiplication of two-by-two matrices if one writes the direct sum as
i.e. there are binary operations A × E < → E < , E < × E > → B, etc., which satisfy a number of associativity and norm conditions; in addition, the binary operations are assumed to be non-degenerate, i.e. the closed linear span of AE < is all of E < , etc. (see Definitions 5.1 and 5.6 for the details). With this general and rather flexible notion of Morita equivalence, the Banach algebra C is not only equivalent to the compact operators K(H) for any Hilbert space H, but also to the trace class operators on H and various other algebras of operators.
A Morita equivalence is, in particular, what is called a Banach pair; such Banach pairs are substitutes for Hilbert modules in the Banach algebra setting, and Banach pairs come with a notion of adjointable and compact operators (see § 1). One can show that, for a Morita equivalence E between A and B, the pair E is a Banach B-pair and A acts on E by compact operators.
Inspired by this observation, Vincent Lafforgue defines a flèche de Morita from A to B, or Morita cycle as we prefer to call it in the present article, to be a non-degenerate Banach B-pair F = (F < , F > ) which comes with a homomorphism from A to the compact operators of F . In particular, every Morita equivalence is a Morita cycle, but also every ordinary homomorphism of (non-degenerate) Banach algebras gives a Morita cycle.
The main result of the above-mentioned note can be summarized as follows.
Theorem (Vincent Lafforgue). Let A and B be Banach algebras. Then every Morita cycle from A to B induces a homomorphism from K 0 (A) to K 0 (B). Moreover, the homomorphism in K-theory induced by a Morita equivalence is an isomorphism.
In the present paper, we extend and systematize Vincent Lafforgue's arguments: we show that the Morita cycles not only act on K-theory, but in the second component of KK ban . Moreover, we consider G-equivariant KK ban -theory and thus G-equivariant Morita cycles between G-Banach algebras, where G is a locally compact Hausdorff group. As a main result, we show that KK The discussion is simplified by the observation that there is a natural notion of homotopy between Morita cycles under which the action of Morita cycles on KK ban G is invariant. The homotopy classes of Morita cycles are called Morita morphisms in the present article, and it is shown that they indeed form a category and that this category acts on KK ban G from the right. The main technical tool put forward in this article is a sufficient condition for homotopy of KK ban G -cycles which rests on the notion of concurrent homomorphisms between such cycles: whenever there is a sufficiently nice homomorphism between two cycles, these cycles are already homotopic. This condition has been implicitly used several times in [4] and the above-mentioned note, and is applied to a variety of situations in [7] .
In § 1 we recall the definition of KK ban G , putting the emphasis on how a new type of homomorphisms between Banach pairs that we introduce helps to structure the theory.
In § 2 we establish some handy notation, introducing linear and compact operators between homomorphisms. We also introduce KK ban G -cycles between homomorphisms of Banach algebras. These concepts are applied in § 3 to state and prove the abovementioned sufficient condition for homotopy.
Section 4 is a short recapitulation of the balanced projective tensor product of Banach modules and Banach pairs which comes in handy in § 5.
In § 5, we give precise definitions of Morita equivalences of (non-degenerate) Banach algebras and of Morita morphisms. We show that Morita morphisms act on KK ban G with the sup-norm. If E carries some extra structure (for example if E is a Banach algebra), then we equip E[0, 1] with the pointwise structure (so that E[0, 1] is a Banach algebra, too).
For the entire article, we fix a locally compact Hausdorff group G.
Concurrent homomorphisms and a review of KK ban G
Recall from [4] that a (Banach) B-pair over a Banach algebra B is a pair E = (E < , E > ) such that E < is a left Banach B-module and E > is a right Banach B-module, and which is equipped with a C-bilinear map · , · : 
are B-linear continuous operators which are formally adjoint, i.e. which satisfy
and e > ∈ E > . It is often handy to write f < T for T < (f < ) and T e > for T > (e > ); in this notation the adjointness relation becomes f < , T e > = f < T, e > . The space of all linear operators from E to F is denoted by L B (E, F ) and is a Banach space with the norm T = max{
The linear operators can be composed componentwise in the obvious way.
There is also a notion of compact operators between B-pairs E and F : if
The closed linear span in L B (E, F ) of these 'rank one' operators is denoted by K B (E, F ), and the elements of K B (E, F ) are called compact. Again, we write K B (E) instead of K B (E, E), and the subscript B is often omitted.
Linear and compact operators between Banach pairs generalize adjointable and compact operators between Hilbert modules, respectively. They are the key ingredient in the definition of cycles for KK ban . But there is also a second type of morphisms between Banach pairs which generalizes homomorphisms with coefficient maps between Hilbert modules over possibly different C * -algebras. 
for all b ∈ B, e < ∈ E < and e > ∈ E > . To indicate the coefficient map we write Ψ ψ for Ψ .
In [4] , the elements of L B (E, F ) are called 'morphisms' from E to F ; to avoid confusion we decided to call them 'linear operators' instead. The term 'concurrent homomorphism' is chosen to distinguish the homomorphisms of this type from the linear operators: the concurrent homomorphisms consist of two 'arrows' pointing in the same direction whereas the linear operators consist of two 'arrows' pointing in opposite directions.
Note that there is straightforward extension of the concept of concurrent homomorphisms to the case that the involved Banach pairs carry also left actions of Banach algebras: if E B is a Banach B-pair, then a left action of a Banach algebra A is a contractive homomorphism from A to L B (E). A concurrent homomorphism between such 'bimodules' A E B and A E B has two coefficient maps, one between A and A and one between B and B ; they satisfy the obvious algebraic relations.
There is an obvious composition of concurrent homomorphisms turning the Banach pairs together with the concurrent homomorphisms into a category, and hence there is also a notion of a concurrent isomorphisms. The use of concurrent isomorphisms makes the definition of a continuous action on Banach pairs of the locally compact group G quite systematic.
A G-Banach algebra B is a Banach algebra B together with a strongly continuous homomorphism s → α s from G to the group of isomorphisms of B. If B is a G-Banach algebra and E = (E < , E > ) is a B-pair, then a G-action on E which is compatible with the G-action α on B is a homomorphism s → η s = (η It is now straightforward how to define G-equivariant concurrent homomorphism between G-Banach pairs and an action of G on the linear (or compact) operators between G-Banach pairs (usually discontinuous in the first case). An important special case is G = Z 2 = Z/2Z, yielding the concept of a Z 2 -graded Banach pair (we will assume all the Banach algebras to be trivially graded, however).
Recall from [4] (A, B) , where A and B are G-Banach algebras, is a pair (E, T ), where E is a graded non-degenerate Banach B-pair which carries a left action of A by even elements of L B (E) and T is an odd element of L B (E) satisfying the following conditions: for all a ∈ A the operators [a, T ] and a(Id E −T 2 ) belong to K(E) and s → a(T − sT ) is a continuous map from G to K(E).
A homomorphism between cycles (E, 
If A = A and B = B , then we usually require the coefficient maps to be the identity maps; this gives us a notion of isomorphic elements of E ban G (A, B) . In [4] , the elements of E ban G (A, B) are defined to be the isomorphism classes of cycles rather than the cycles themselves.
Just as in the classical case for C * -algebras, one defines the sum of cycles, giving E ban G (A, B) the structure of a monoid (up to isomorphism of cycles). Moreover, one can define the push-forward
along an equivariant homomorphism ψ : B → B more or less as in the classical case (see [4, p. 15] ), yielding a notion of homotopy of cycles: two cycles (E 0 , T 0 ) and (
It is not completely trivial that the so-defined relation is an equivalence relation: to see that it is transitive it is advisable to argue in a first step that two homotopies can be concatenated if one of them is constant; in a second step, when one wants to concatenate two general homotopies, one squeezes a constant homotopy between the two to avoid technical difficulties which arise because the algebra of compact operators over a fibre is not necessarily isomorphic to the fibre of the compact operators on the entire homotopy. Now KK (A, B) . In [4] it is shown that KK ban (C, B) ∼ = K 0 (B) and that there is a canonical homomorphism from KK ban (A, B) to Hom(K 0 (A), K 0 (B)).
Banach ψ-pairs and E
We now introduce a different viewpoint on concurrent homomorphisms which brings with it some handy notation. * Definition 2.1 (the category of (Banach) ψ-pairs). Let ψ : B → B be a homomorphism of Banach algebras. From now on, we call a concurrent homomorphism
Banach pairs with coefficient map ψ a (Banach) ψ-pair. The ψ-pairs are the objects of a category with the following morphisms: if
This means that the following diagrams are commutative:
The morphism set between Φ ψ and Ψ ψ will be denoted by L ψ (Φ, Ψ ) = L(Φ, Ψ ), which is a Banach space; the elements of L(Φ, Ψ ) are going to be called (ψ-)linear operators from Φ to Ψ . The composition is defined componentwise.
Note that in L(Φ, Ψ ) there is a canonical subspace of 'compact operators'.
Definition 2.2 (the space K
However, the condition of being in K ψ (Φ, Ψ ) is (a priori ) stronger than the condition of being in
as it means that the approximation of T and T by finite rank operators can be done simultaneously:
As usual, the space of 'compact operators' forms an ideal.
We can push the analogy between Banach B-pairs and Banach ψ-pairs further. Suppose that Φ ψ : E B → E B is a ψ-pair.
• We call Φ non-degenerate if both, E B and E B are non-degenerate. Note that this notion of non-degeneracy is not a generalization of the non-degeneracy of a homomorphism between Hilbert modules (which would look more like Φ(E)B = E ).
• If E B and E B are G-equivariant and Φ ψ is a G-equivariant concurrent homomorphism, then we call Φ ψ a G-Banach ψ-pair.
• Likewise, if E B and E B are Z 2 -graded and Φ ψ is even, then we call Φ ψ a graded ψ-pair ; a linear operator (T, T ) between two such graded ψ-pairs is called even (odd ) if both, T and T are even (odd).
• If ϕ : A → A is another homomorphism of Banach algebras and if E B and E B carry left actions of A and A , respectively, such that ϕ Φ ψ respects these actions, then we call Φ a ϕ-ψ-pair.
Note that there are obvious ways to combine these definitions to give the notion of a G-Banach ϕ-ψ-pair, etc. We are hence ready for the following definition.
Definition 2.4 (the class
The class of all such cycles will be denoted by
is not (just take Φ and ψ to be the identity on some element (E, T ) ∈ E ban G (A, B) and ϕ to be an embedding of A into a larger algebra A such that (E, T ) is not in E ban G (A , B); you could even assume A to be zero to find such an example). ) ; however, as we just need the cycles as a source of homotopies, we only sketch this construction.
to (E , T ). But not all morphisms of KK
• First, there is a natural ψ-pair analogue of the balanced tensor product (of modules and also of pairs).
• Moreover, there is a canonical notion of a unitalization of a homomorphism of Banach algebras.
• Putting the unitalization and the balanced tensor product together, one can construct a ψ-pair analogue of the push-forward of Banach pairs (note that one has to consider homomorphisms between homomorphisms of Banach algebras to make this precise).
• One can also define (iso-)morphisms between elements of E ban G (ϕ, ψ) (and here, too, one has to consider homomorphisms between (concurrent) homomorphisms).
• To construct homotopies, one considers the canonical homomorphism ψ[0, 1] :
Homotopies of cycles are then given by elements of
• If we consider the obvious direct sum of cycles, then KK ban G (ϕ, ψ) is an abelian group.
Mapping cylinders and a sufficient condition for homotopy
The sufficient condition for homotopy of KK ban G -cycles that we state and prove in this section is already present in a rudimentary form in [4] and more explicitly in the unpublished note [5] . It turns out to be a fundamental technical tool for the construction of homotopies.
Theorem 3.1 (sufficient condition for homotopy of KK ban G -cycles). Let A and B be G-Banach algebras. Let (E, T ), (E , T ) be in E ban G (A, B). If there is a morphism Φ from (E, T ) to (E , T ) (with coefficient maps Id
Note that the fact that (E, T ) and (E , T ) are in E 
The main idea of the proof of Theorem 3.1 is very simple: we will show that if Φ is as in the theorem, then the mapping cylinder Z(Φ) (which we are going to define) together with a suitable operator gives us the desired homotopy. More generally, using the mapping cylinder construction, we define a map
which even induces a homomorphism
As adumbrated in Remark 2.5, a careful construction of KK
requires some tedious extra work. The same is true if one wants to lift the mapping cylinder functor from cycles to KK-theory. This additional construction is not needed in the present work, so it is postponed to later publication, perhaps in a more general framework.
In the present article, we confine ourselves to carrying out the construction on the level of cycles; but before we discuss mapping cylinders of Banach ψ-pairs, let us recall the definition of a mapping cylinder of a map between Banach spaces.
Definition 3.2 (the mapping cylinder of linear maps between Banach spaces).
Let E and E be Banach spaces and let ρ ∈ L(E, E ) be contractive. Let ev E 0 : E [0, 1] → E be evaluation at zero. Then the mapping cylinder Z(ρ) is the fibre product of ρ : E → E and ev
Note that Z(ρ) carries a canonical action of G if E and E carry actions of G and ρ is G-equivariant; in particular, Z(ρ) is graded if E and E are graded and ρ is even. If E = E and ρ = Id 
If Φ is not only a ψ-pair but a ϕ-ψ-pair for some homomorphism of Banach algebras ϕ, then Z(Φ) is a Z(ϕ)-Z(ψ)-pair. If Φ is non-degenerate, G-equivariant or graded, then so is Z(Φ). Now that we have defined the mapping cylinder of ψ-pairs, we want to also define the mapping cylinder Z(T, T ) of a linear operator (T, T ) between ψ-pairs (to be a linear operator between the mapping cylinders). As sketched above, it is the overall aim to show that if (Φ :
Let us again first discuss the case of linear maps between Banach spaces.
Let ρ : E → E and σ : F → F be contractive linear maps between Banach spaces.
) is linear and contractive; it respects the canonical G actions (or gradings) if E, E , F , F , ρ and σ are G-equivariant (or graded).
Now we come to the case of homomorphisms and linear operators between Banach pairs.
Definition 3.4 (the mapping cylinder construction for linear operators). Let
The maps Φ → Z(Φ) and (T, T ) → Z(T, T ) define a functor from the category of (graded/G-equivariant) ψ-pairs to the category of (graded/G-equivariant) Banach Z(ψ)-pairs. It is linear (even/G-equivariant) and contractive on the morphisms sets.
By what we have just said,
. Now it is natural to ask under which circumstances the linear operator Z(T, T ) is compact. We have the following satisfactory result.
Then the following are equivalent:
Proof . (1) ⇒ (2). Since the map (T, T ) → Z(T, T ) is linear and contractive, it suffices to consider the case that (T, T ) is of the form (|f
The analogous formula holds for the left-hand side,
The norm of this expression is less than or equal to ε (e > , ξ
After applying a similar argument to the left-hand side we get T − S ε.
The norm of this expression is less than or equal to ε e > , so in particular
, so we also get the inequality in zero: 
Proof . First of all, Z(Φ) is a non-degenerate graded G-Banach Z(ϕ)-Z(ψ)-pair. The operator Z(T, T ) is odd. Now note that every element of Z(ϕ) can be decomposed into the sum of an element of the form (a, t → ϕ(a)) with a ∈ A and an element (0, α ) with
by Proposition 3.5; similarly, we have for all g ∈ G
and, because the map Z(·) is continuous, this expression depends continuously on g ∈ G. One can argue similarly for the other operators that should be (and are) compact.
It is not hard to show that the fibres of a mapping cylinder are what one expects them to be, so we are able to draw the following corollary from Theorem 3.6.
If we write ev t for the canonical evaluation map
for all t ∈ ]0, 1]. In particular, (E, T ) and (E , T ) are homotopic.
Note that Theorem 3.1 is a direct consequence of this corollary.
The balanced tensor product
Let A, B and C be Banach algebras. Let E be another right Banach B-module and let F be another left Banach Bmodule and S ∈ L B (E, E ) and
The balanced tensor product of Banach modules
for all e ∈ E and f ∈ F . We have S ⊗ T S T . If F and F are even Banach B-C-bimodules and T ∈ L C (F, F ), then also S ⊗ T is C-linear.
The balanced tensor product of Banach pairs
Let E, E be Banach B-pairs and let F be a Banach B-C-pair. We define a Banach C-pair E ⊗ B F by
Note that if F is non-degenerate from the right, then so is
The assignment T → T ⊗ 1 is a functor from the category of Banach B-pairs to the category of Banach C-pairs, linear and contractive on the spaces of morphisms. Just as for Hilbert modules one can show the following proposition (see [7, Proposition 1.3.7]).
Proposition 4.2. Let the action
π B : B → L C (F ) on B of F satisfy π B (B) ⊆ K C (F ). Assume that E or E is non-degenerate. If T ∈ K B (E, E ), then T ⊗ 1 ∈ K C (E ⊗ B F, E ⊗ B F ).
Morita equivalences and Morita morphisms
Vincent Lafforgue proves in his unpublished note [5] that the K-theory of Banach algebras is invariant under Morita equivalence. He also introduces a rather flexible notion of Morita equivalence which generalizes earlier notions of Morita equivalence for Banach algebras [2, 3] as well as the classical notion of strong Morita equivalence for C * -algebras [1, 9] and gives a partial version of the above sufficient condition for homotopy. The present section is dedicated to a systematic study of the relation between Morita equivalences and KK ban , building on Vincent Lafforgue's notion of 'flèches de Morita', called 'Morita cycles' in this article. A category of 'Morita morphisms' is introduced which acts on KK ban from the right. Morita equivalences give isomorphisms in this category, so KK ban is invariant under Morita equivalences at least in the second component.
Morita equivalences
Let B be a Banach algebra and let E be a Banach B-pair. Then E is called full if the span of E < , E > is dense in B. (
Definition 5.1 ((equivariant) Morita equivalence). Let A, B be G-Banach algebras. A (G-equivariant) Morita equivalence between A and B is a pair ( B E
The two brackets are compatible:
(4) The pairs (E < , E > ) and (E > , E < ) are full and non-degenerate.
A and B are called Morita equivalent if there is a Morita equivalence between A and B.
If B is a non-degenerate G-Banach algebra, then the standard B-pair (B, B) is a G-equivariant Morita equivalence between B and itself (abusing the notation, we write B also for the pair (B, B) If E is a full and non-degenerate G-Banach B-pair, then it is not hard to see that E is a G-equivariant Morita equivalence between K(E) and B. In particular, K(E) is non-degenerate.
It is not clear which further regularity conditions are satisfied by the algebra K(E), even if B is a rather nice algebra. There are examples of Banach spaces E where the closure F (E) of the algebra of finite rank operators on E (which we call K(E) in this article) has no bounded approximate identity. We can even find Banach spaces E where the canonical map from the π-tensor product F (E) ⊗ F (E) to F (E) is not surjective (see [8] ). So the pAp-valued bracket is full and the left A-action is non-degenerate. We just need a criterion for the A-valued bracket to be full and the pAp-action to be non-degenerate. It is easy to see that both conditions are equivalent to the following property of p.
Corners and the linking algebra

Definition 5.2 (full projection). Let A be a Banach algebra. Then a projection p in M(A) is called full if cl(ApA) = A.
So we can formulate the following fact.
Proposition 5.3. Let A be a non-degenerate G-Banach algebra and let p ∈ M(A) be a G-invariant full projection. Then pAp is a non-degenerate G-Banach algebra and (pA, Ap) is a G-equivariant Morita equivalence from A to pAp.
Definition 5.4 ((full) corner). Let A be a non-degenerate G-Banach algebra. A corner of A is a subalgebra B of A such there is a G-invariant idempotent p ∈ M(A) with pAp = B. A corner B is said to be full if there is a full G-invariant idempotent p ∈ M(A) with pAp = B.
Because Morita equivalence is transitive, we get the following consequence.
Corollary 5.5. Let B and C be full corners of a non-degenerate G-Banach algebra A. Then B and C are G-equivariantly Morita equivalent to A and hence to each other.
There is also a direct construction of a Morita equivalence between B = pAp and C = qAq, namely (qAp, pAq) with the obvious operations.
Definition 5.6 (linking algebra). Let A and B be G-Banach algebras and let E = (E
< , E > ) be an equivariant Morita equivalence between A and B. Define the linking algebra
to be the following G-Banach algebra: the underlying G-Banach space is the direct sum
the product is given by the operations on A, B and E if we write the elements of L as matrices according to the pattern suggested by our notation.
The linking algebra is non-degenerate, and we find A and B as full corners in L.
Morita cycles and Morita morphisms between Banach algebras
We now introduce the notion of Morita cycles, generalizing Morita equivalences and also ordinary homomorphisms between Banach algebras (in an appropriate sense); Morita cycles were called 'flèches de Morita' by Vincent Lafforgue in [5] . These Morita cycles are KK Morita cycles are hence exactly the trivially graded * elements of E ban G (A, B) with zero-operator. We can thus transfer almost all the definitions we have established for KK ban -cycles to Morita cycles (morphisms between them, pullback, push-forward, homotopy, etc.). The extra conditions (trivial grading, zero operator) are compatible with almost all of the constructions and will usually make them simpler. * It is possible to remove this restriction and consider also graded Morita cycles; because this leads to some extra technical difficulties without yielding interesting extra results, we stick to trivially graded cycles, however. The addition of cycles lifts to a well-defined abelian law of composition of Morita morphisms with neutral element [0] ∼ h . A straightforward argument shows that homotopy is also compatible with the pullback and pushout of cycles.
Using Proposition 4.2, we can define the composition of Morita cycles as follows. The composition of Morita cycles is biadditive up to isomorphism. It is also associative up to isomorphism since the tensor product of pairs is. An interesting question is whether we have left or right identities for this tensor product.
Definition 5.10 (composition of Morita cycles). Let A, B, C be non-degenerate G-Banach algebras and
If B is a non-degenerate G-Banach algebra, then B B B is a Morita cycle (the canonical homomorphism ψ B : B → L B (B) defining the left action of B on the pair (B, B) satisfies  ψ B (B) ⊆ K B (B) ). However, it does not in general act identically on cycles, neither on the left nor on the right.
* So the isomorphism classes of Morita cycles are not a veritable category (not even mentioning the set-theoretic difficulties). To overcome this problem, we switch to homotopy classes, i.e. to Morita morphisms.
Definition and Proposition 5.11 (composition of Morita morphisms). Let A, B, C be non-degenerate G-Banach algebras. The composition of cycles ⊗
lifts to a biadditive associative law of composition on the level of Morita morphisms which we are going to also denote by ⊗ B . C) . Let E be a homotopy from E 0 to E 1 and F a homotopy from
Proof . Let A, B, C be non-degenerate G-Banach algebras. Let
First we show that , ψ) is a G-Banach ϕ-ψ-pair which is non-degenerate as a ψ-pair and such that the following conditions are satisfied: Because the operator Z(T, T ) vanishes if T and T do, we obtain as a special case of Theorem 3.6: For further reference, we recall that for a ∈ A the condition (π(a), π (a)) ∈ K(Φ, Φ) means that we have:
Morita cycles between homomorphisms of Banach algebras
Φ ψ : A F B → A F B of M ban G (ϕ(1) A F B ∈ M ban G (A, B); (2) A F B ∈ M ban G (A , B ); (3) for all a ∈ A the operator (π(a), π (ϕ(a))) is in K ψ (Φ, Φ),Proposition 5.12. If Φ ∈ M ban G (ϕ, ψ), then Z(Φ) ∈ M ban G (Z(ϕ), Z(ψ)).∀ε > 0 ∃n ∈ N ∃e < 1 , . . . , e < n ∈ E < , e > 1 , . . . , e > n ∈ E > : π(a) − n i=1 |e > i e < i | ε and π (a) − n i=1 |Φ > (e > i ) Φ < (e < i )| ε. (5.1)
Morita morphisms form a category
The above sufficient condition for homotopy is the key technical tool in the proof of the main result of this section.
Theorem 5.15. The non-degenerate G-Banach algebras together with the Morita morphisms form a category (apart from the fact that the morphism classes might not be sets). If A is a non-degenerate G-Banach algebra, then the identity morphism on A is given by the equivalence class of
We have already proved that the composition is associative. What is missing is the statement about the identity morphisms. We are actually going to show a little bit more, and to formulate this, we give the following definition. 
So Equation ( 
Proof . Recall that ψ * (F ) = F ⊗ψC, whereC = C ⊕ C is the unitalization of C. Let π be the action of A on F . We give an equivariant concurrent homomorphism Φ from F ⊗ B C to F ⊗ BC which satisfies the sufficient condition for homotopy given above. It is simply defined by
and analogously for Φ < . It is clear that this defines an equivariant concurrent homomorphism with coefficient maps Id A and Id C . Let a ∈ A. We have to show that (π(a) ⊗ 1 C , π(a) ⊗ 1C) is contained in K(Φ, Φ). We do this by showing the following more general result:
Because the map that sends S ∈ L B (F ) to (S ⊗ 1 C , S ⊗ 1C) is linear and contractive, it suffices to show (5.3) in the case that S is a rank-one operator. Because F is nondegenerate, it even suffices to consider the case that
An easy calculation shows
and 
Note that the actions of A on A ⊗ A F and AF are non-degenerate, so every Morita morphism is homotopic to a Morita morphism with non-degenerate left action.
Proof . Let π be the action of A on F and let π 0 denote the action of A on AF and let φ be the action of A on A ⊗ A F . We are going to define concurrent homomorphisms of GBanach A-B-pairs from A ⊗ A F to AF and from AF to F which satisfy Condition (5.1). On the way we are going to show that AF is indeed a Morita morphism.
Define
and similarly for the left-hand side. This clearly gives an equivariant concurrent homomorphism with trivial coefficient maps. Let ι denote the obvious concurrent homomorphism from AF to F . Since A is non-degenerate, it suffices to show Condition (5.1) for abc instead of a where a, b, c ∈ A. Let ε > 0. Since π(b) is compact, we can find n ∈ N and f
We have to show that φ(abc)−S , π 0 (abc)−S , π(abc)−S ε. A short calculation shows that
Moreover, we have π 0 (abc) − S π(abc) − S . Note that
It follows that
and hence also π 0 (abc) − S ε.
Note that this implies π 0 (abc) ∈ K B (AF ), so we have AF ∈ M ban G (A, B), in particular.
Now we can immediately prove the second part of Equation (5.2) which we restate for greater clarity on the level of cycles. 
∼ h ϕ * (F ).
Morita equivalences induce Morita isomorphisms
We are going to call the isomorphisms in the category of Morita morphisms Morita isomorphisms. As we show in this section, Morita equivalences induce Morita morphisms which turn out to be Morita isomorphisms. Note, however, that Banach algebras can be Morita isomorphic without being Morita equivalent: for instance, every contractible non-degenerate Banach algebra is Morita isomorphic to the zero algebra, but the only algebra which is Morita equivalent to the zero algebra is the zero algebra itself. 
Similarly on the left-hand side. Hence
In order to show that Morita equivalences induce Morita isomorphisms we use certain homotopies which are given by concurrent homomorphisms between Morita equivalences. It makes sense to consider these homomorphisms as 'Morita equivalences between homomorphisms of Banach algebras'. 
) is a Morita equivalence between Z(ϕ) and Z(ψ).
Proof . We already know that
. Let π and π be the action of A and A on E and E , respectively. Since A E > , E < is dense in A, it suffices to consider only such a ∈ A which are of the form A e > , e < for some e > ∈ E > and e < ∈ E < . We have seen in Equation (5.
) is a Morita equivalence between Z(ϕ) and Z(ψ) is straightforward. Note that the composition of Morita morphisms given by Morita equivalences is the Morita morphism given by the composition of the equivalences. We will thus show that the Morita equivalence F := A E ⊗ BĒA gives the identity Morita morphism, and we will do so by providing an equivariant concurrent homomorphism Φ from F = A E ⊗ BĒA to the Morita equivalence F := A (A, A) A . We have We define ζ :
This is a homomorphism of Banach algebras: for all a ∈ A, e < ∈ E < , and e > ∈ E > , so ζ is A-linear on the left. Similarly on the right-hand side. Moreover,
A s, t = s, t A = ζ(s · t) = ζ(s) · ζ(t) = ζ(s), ζ(t) A = A ζ(s), ζ(t)
for all s, t ∈ E > ⊗ B E < . As ζ is equivariant, Φ is indeed an equivariant concurrent homomorphism. Moreover, this expression depends continuously on g ∈ G.
The action of Morita morphisms on KK
The proof of the following fact is an obvious variant of the proof of Definition and Proposition 5.11, the corresponding result for the product of Morita morphisms. Recall thatĒ = (E > , E < ) is the flipped Morita equivalence.
Extension to groupoids
In [6] , the notion of a G-Banach algebra is introduced, where G is a topological groupoid; a G-Banach algebra is an upper semi-continuous field of Banach algebras over the unit space of G on which G acts continuously (in an appropriate sense). Vincent Lafforgue also defined Banach pairs over such G-Banach algebras and a bivariant G-equivariant K-theory called KK ban G . We sketch how to reformulate the results of the present article in the framework of GBanach algebras (at least for the case that G is locally compact and Hausdorff), a detailed account can be found in [7] : the starting point is the definition of a G-Banach space; a G-Banach space is an upper semi-continuous field of Banach spaces over the unit space X of G on which G acts continuously. We denote the sections (vanishing at infinity) of a G-Banach space E by Γ (X, E) (by Γ 0 (X, E)). If E and F are G-Banach spaces, then a bounded continuous field of linear maps from E to F is a family T = (T x ) x∈X such that T x ∈ L(E x , F x ) for all x ∈ X, such that x → T x is bounded and such that x → T x (γ(x)) ∈ Γ (X, F ) for all γ ∈ Γ (X, E); the Banach space of all bounded continuous fields of linear maps from E to F is denoted by L(E, F ).
With these definitions, it is quite straightforward how to define G-Banach algebras and G-Banach pairs; and Morita equivalences between G-Banach algebras are simply Gequivariant upper semi-continuous fields of Morita equivalences of the fibres. It is also not too difficult to find suitable definitions of concurrent homomorphisms and of bounded linear operators between G-Banach pairs. There is also a generalization of the space of compact operators: let B be a G-Banach algebra and let E and F be G-Banach B-pairs. If ξ < ∈ Γ 0 (X, E < ) and η > ∈ Γ 0 (X, F > ), then the family |ξ > η| := (|η > (x) ξ < (x)|) x∈X is a bounded continuous field of linear operators from E to F ; the space K B (E, F ) of compact operators from E to F is defined to be the closure in L B (E, F ) of the linear span of all fields of operators of the form |ξ > η|. Using these ingredients, one can now define KK L(ρ, σ) .
Similarly, we define the space L ψ (Φ, Ψ ) where ψ is a homomorphism of G-Banach algebras and Φ ψ : E B → E B and Ψ ψ : F B → F B are concurrent homomorphisms of
